Abstract. There are two main modeling paradigms for biological pattern formation in developmental biology: chemical prepattern models and cell aggregation models. This paper focuses on an example of a cell aggregation model, the mechanical model developed by Oster, Murray, and Harris [Development, 78 (1983), pp. 83-125]. We revisit the Oster-Murray-Harris model and find that, due to the infinitesimal displacement assumption made in the original version of this model, there is a restriction on the types of boundary conditions that can be prescribed. We derive a modified form of the model which relaxes the infinitesimal displacement assumption. We analyze the dynamics of this model using linear and multiscale nonlinear analysis and show that it has the same linear behavior as the original Oster-Murray-Harris model. Nonlinear analysis, however, predicts that the modified model will allow for a wider range of parameters where the solution evolves to a bounded steady state. The results from both analyses are verified through numerical simulations of the full nonlinear model in one and two dimensions. The increased range of boundary conditions that are well-posed, as well as a wider range of parameters that yield bounded steady states, renders the modified model more applicable to, and more robust for, comparisons with experiments.
1.
Introduction. Most models of morphogenesis are prepatterning models; they assume that a spatially varying chemical prepattern is set up to which cells respond in a concentration-dependent manner. The simplest such model is the gradient model, first proposed by Wolpert in 1969 [32] , where a source-sink arrangement establishes a gradient of chemical morphogen. A more complex model is the Turing reactiondiffusion model [31] , in which a system of chemicals, reacting and diffusing, are driven unstable by diffusion and evolve into spatially heterogenesis patterns of varying complexity, depending on the domain size, geometry, and imposed boundary conditions.
In the above modeling framework, the initial cell density is spatially uniform, but the cells respond to the chemical in a spatially nonuniform manner due to the spatially varying chemical concentration. An alternative modeling paradigm is one in which the cells themselves form a spatially nonuniform pattern and then differentiate in a density-dependent manner. Such patterns in cell density can arise in a number of ways. For example, the cells may secrete a chemical (termed a chemoattractant) and move up gradients in that chemical. This leads to a coupled system of reaction-diffusion B. L. VAUGHAN, JR., R. E. BAKER, D. KAY, AND P. K. MAINI 2. Oster-Murray-Harris mechanical model. The OMH model of mesenchymal morphogenesis [21, 26] is based on two properties of mesenchymal cells: that mesenchymal cells migrate within a substratum consisting of a fibrous extracellular matrix (ECM) and that these motile cells can exert large traction forces on the ECM. For simplicity, we neglect active cell motion in their model and assume that the only motion of the cells is due to displacement of the ECM medium. From conservation of mass, the equation governing the evolution of the cell density is (2.1)
where c is the cell density and u is the vector representing the displacement of the ECM. The ECM is modeled as a linear viscoelastic medium, and the resulting force balance equation governing the displacement of the ECM is
where σ is the stress tensor, τφ (c, ρ) is the traction force exerted by the cells, I is the identity tensor, ρ is the ECM density, and B represents the body forces. It is assumed that the body force is Hookean, hence B = su, where s is a spring constant that measures the strength of the restoring force. Since the ECM is modeled as a linear viscoelastic medium, the stress tensor is , where μ 1 and μ 2 are the shear and bulk viscosities, respectively, e = ∇u + ∇u T /2 is the linear strain tensor, θ = ∇ · u is the dilation, E is the Young's modulus, and ν = ν/ (1 − 2ν), where ν is the Poisson ratio [13] . The traction force is modeled using the function (2.4) φ (c, ρ) = c 1 + λc 2 ρ + β∇ 2 ρ , where the ∇ 2 ρ term models the long-range traction effects that occur due to the fibrous nature of the ECM and β is a measure of the strength of the long-range traction force, while the λc 2 term models contact inhibition as the cell density increases. The ECM is assumed to be passively convected by the displacement of the medium so, by conservation of mass,
In addition to the governing equations, appropriate boundary conditions are needed for the model to be well-posed. Appropriate choices for the force balance equation, (2.2), include periodic displacements and stress-free (σ = 0) and pinned (u = 0) boundary conditions. For the density equations, there are two choices that arise from the choice of frame of reference. Choosing the deformed frame of reference, there is no need for boundary conditions for the density equations. This approach was used for a variation of the OMH model by Moon and Tranquillo [16] in studying FPCMs. The disadvantage of this approach is the difficulty that arises from having to Downloaded 12/20/13 to 129.67.187.61. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php incorporate the deformation of the domain in numerical simulations and also incorporating the deformations of the domain in the nonlinear analysis since the deformation of the domain is not known a priori.
To simplify both the analysis and numerics, one can impose the infinitesimal displacement assumption, taking the deformed and referenced domains to be equivalent, and use the governing equations on the static reference domain. In this case, boundary conditions need to be specified for the density equations for well-posedness. Since the density equations are purely hyperbolic, we do not have to specify a boundary condition where the normal velocity is positive (n · ∂u/∂t > 0) on the boundary, wherê n is the outward unit normal. When the normal velocity is negative (n · ∂u/∂t < 0) we must specify an appropriate inflow boundary condition for both the cell and ECM densities. For periodic displacements, any outflowing boundary is mapped periodically to the appropriate inflow boundary. For pinned boundary conditions, there are no inflows or outflows since u = 0, and consequently ∂u/∂t = 0 for all time. For stress-free boundary conditions, we are not so fortunate. Stress-free boundary conditions are the appropriate boundary conditions for unpinned FPCL and FPCM arrays, but for the OMH model as written, ∂u/∂t = 0 does not hold on the boundaries for all time, and so ECM can flow through the boundaries. Physically, we cannot have ECM entering or leaving the domain, so we are unable to specify appropriate boundary conditions on the cell/ECM densities if there are stress-free boundary conditions on the medium. This significantly reduces the possible experimental applications of the OMH model under the infinitesimal displacement assumption.
Modified Oster-Murray-Harris model.
To correct the boundary condition issue, we will rederive the OMH model in the material frame of reference. For simplicity, the derivation is done in one dimension. The modified two-dimensional version can be found in Appendix B. As before, we focus only on the cell traction effects of fibroblasts on the ECM and neglect active fibroblast and ECM processes, such as cell growth/death, ECM production/degradation, chemotaxis, haptotaxis, cell diffusion, and contact guidance that could be included in the OMH model [17] .
We begin by assuming that the cells are embedded in a moving medium in the deformed frame of reference and are governed only by advection. From conservation of mass, the governing equation for the cell density in the deformed frame is
where c andx are the cell density and the spatial coordinate in the deformed frame of reference, respectively, and v is the velocity of the medium. Since the cell density is governed solely by the advection of the medium, we can convert between the cell density in deformed coordinates and the cell density in reference coordinates using the relation c 0 = Jc, where c 0 is the cell density in reference coordinates, J = 1 + ∂u/∂x is the determinant of the deformation gradient tensor in one dimension, and x is the spatial coordinate in the undeformed frame of reference. Likewise, we can relate the ECM density in deformed coordinates to the ECM density in reference coordinates using a similar relation, ρ 0 = Jρ, where ρ 0 is the ECM density in the reference coordinates.
As with the OMH model, the ECM medium is assumed to be a viscoelastic medium. Our force balance equation in reference coordinates is Theτ φ (c, ρ) term is the traction force that depends on the cell and ECM densities in the deformed frame of reference. The long-range traction term in the traction force is also formulated in the deformed frame of reference, so we must convert this term to the reference frame. Taking the derivative of the definition of the displacement, u =x (x, t) − x, with respect to the spatial coordinate in the reference frame, x, we obtain
Hence,
The traction force is now
We have removed the need for boundary conditions for the cell and ECM densities since the hyperbolic equations for the densities have been replaced with algebraic equations. We are now able to enforce boundary conditions other than pinned or periodic conditions. The simplification of the equations governing the cell and ECM densities comes at the cost of increasing the complexity of the traction force due to the conversion from the deformed frame to the reference frame.
Since the density equations are now algebraic, we need only specify boundary conditions for the force balance equation. Choices for boundary conditions include periodic, pinned (u = 0 on the boundary), no viscoelastic stress (σ = 0), and no viscoelastic stress or cell/ECM traction forces,
Note that the force balance equation is fourth order in space due to the longrange traction force, so two extra boundary conditions are needed in addition to the pinned or stress-free boundary conditions. Two such choices for the second condition are ρ x = 0 (no net contribution to the total long-range traction force in the interior from the boundary) and ρ xx = 0 (zero long-range traction forces on the boundary) on the boundary in the deformed frame, which translates to the conditions u xx = 0 and u xxx (1 + u x ) = 3u 2 xx , respectively, in the reference frame. These boundary conditions are summarized in Table 3 .1.
Using length scale L and time scale T , we obtain the dimensionless modified model in the reference frame: 
Boundary conditions on the long-range traction force Type Definition
4. Linear analysis. We now examine the linear stability of the modified model. Note that since the differences between the original OMH model and the modified model are nonlinear, the linear analysis in the absence of inertial terms is the same in both models. We start by assuming small perturbations to the spatially uniform steady state u = 0, which yields the linearized equation
We assume periodic boundary conditions, noting that the bifurcation conditions are the same for pinned boundary conditions (u = 0 and u xx = 0) and no viscous stress boundary conditions (σ = 0 and u xxx = 0). Using the ansatz that the displacements are of the form u ∝ exp ω k 2 t + ikx , we have the characteristic equation
If we neglect inertia by assuming α = 0, we recover the characteristic equation for the original OMH model,
whose solution is
If B k 2 < 0 for some k 2 , then the uniform steady state is linearly unstable for small random perturbations, and we expect these small random perturbations to grow in time. A bifurcation to a spatial pattern with wavenumber k 
Here, one root always has a negative real part and the other can have a positive real part if B k 2 < 0 for some k 2 . Hence, we obtain the exact same bifurcation conditions as in the case without inertia (α = 0) except that ω k 2 is not necessarily zero for all k 2 .
Multiscale nonlinear analysis.
To examine the behavior of the full nonlinear system near the bifurcation point, we perform a multiscale analysis on the modified model (3.7). This was done for the OMH model by Maini and Murray [15] , and our analysis will be similar. This is a lengthy calculation, so we summarize the key results here, with a more detailed description of the analysis given in Appendix A. We will assume periodic boundary conditions in the analysis to match the work done by Maini and Murray [15] .
We take τ as our bifurcation parameter in (3.7), and if τ is slightly larger than τ c , where τ c satisfies the bifurcation conditions, (4.6), the uniform steady state will be unstable to small random perturbations, and the fastest growing mode will be k c , assuming k c is an admissible mode. Hence, we set τ = τ c + ε 2 δ and assume a long time scale T = ε 2 t, where ε 1 and δ = ±1. We now expand u in a power series of ε to obtain a hierarchy of equations for each power of ε. By solving this hierarchy of equations, we obtain the Landau equation for the amplitude, A (t), of the critical wavemode of u:
The coefficients of the Landau equation are
where τ λc = τ c / 1 + λ 2 . Since X > 0 and assuming δ = 1, the Landau equation predicts that the amplitude A (t) of the critical wavemode will evolve to a bounded steady state when Y < 0. Hence, Since τ c = (1+βs + βs (2 + βs))/2 from the bifurcation conditions, we can plot the region in β-s parameter space where the nonlinear analysis suggests that the system evolves to a bounded steady state when δ = 1, which is shown in Figure 5 .1. Note that the bounded region for the original OMH model I is a subset of the bounded region of the updated model (entire shaded region). Relaxing the assumptions made on displacements in the original OMH model greatly increases the region in parameter space where the nonlinear analysis suggests that the solution will evolve to a bounded steady state. If λ = 0, the region in β-s parameter space where the nonlinear analysis predicts that the solution will evolve to a bounded steady state changes with λ. To better illustrate this, we plot the region in λ-τ c space, which is shown in Figure 5 .2. Here, each value of τ c on the boundary corresponds to a hyperbola in β-s space for a given λ. As λ increases, there is an initial increase in the range of τ c for which the solution will evolve to a bounded steady state until it reaches a maximum for λ ≈ 0.1417, after which the range of τ c decreases. For λ > 3.5233, the solution is predicted to grow unbounded for any value of τ c , and hence β and s. 
One-dimensional numerical results.
To investigate the behavior of the full nonlinear system and to verify the results from the multiscale nonlinear analysis, we perform numerical simulations in one dimension on the full nonlinear system, (3.4) and (3.5), using the finite difference method in space and an adaptive, multistep implicit method in time [28] . The length of the domain in each simulation is 2π, and we enforce periodic boundary conditions on the ends of the domain. The uniform initial condition, u = 0, is perturbed at each grid point by a random value chosen from a uniform random distribution with zero mean and a standard deviation of √ 3/3 × 10 −5 . We filter out the k 2 = 0 mode from the perturbations to remove any initial rigid body translation of the reference frame, which prevents the oscillating translations predicted by the linear analysis. Figure 6 .1 shows the numerical steady state solution near the bifurcation point where the critical wavemode is k c = 3 with τ c = 1 and ε = 10 −1 . The amplitude of this mode in the numerical steady state solution is 7.67 × 10 −2 , and the amplitude of the critical wavemode predicted by the multiscale nonlinear analysis for these parameters is 7.95 × 10 −2 . Figure 6 .2 shows the numerical steady state solution near the bifurcation point with λ = 0, where the critical wavemode is k c = 4 with τ c = 169/100 and ε = 10 −1 . The amplitude of this mode is 2.51×10 −2 , and the amplitude of the critical wavemode predicted by the multiscale nonlinear analysis for these parameters is 2.61 × 10 −2 . We can see in both the k c = 3 and k c = 4 cases that there is good agreement between the results from the numerical simulations and the multiscale nonlinear analysis.
To see the effect of α and μ on the steady state, we numerically solved the equations for varying α and μ with τ , β, λ, and s held the same as those used in (6.2), and we compared the steady state solution with the solution for α = μ = 1. For fixed τ , λ, β, and s, there is no change in the steady state solution for α and μ. This matches the assumptions and predictions from the multiscale nonlinear analysis.
We additionally compare the long time behavior of the original OMH model with the modified model for the same parameters. In Figure 6 .3, the minimum dilation (min u x ) in the domain is plotted versus time for both the OMH model and the modified model. The parameters are the same for both simulations and are chosen such Downloaded 12/20/13 to 129.67.187.61. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php that the uniform steady state is linearly unstable with the long time solution predicted by multiscale nonlinear analysis unbounded for the OMH model and bounded for the modified model. This illustrates that the approximations made in the original derivation can greatly restrict the range of parameters for which the model is valid. This restriction can be eased by using the modified derivation proposed in section 3. Note that the simulation is stopped when u x = −1 in the OMH simulation. This is because the solution for u x ≤ −1 violates the impenetrability condition of the material, and the model is no longer valid.
Two-dimensional numerical results.
The simulations in the previous section were performed in one dimension on a periodic domain. In this section, we will give numerical results in two dimensions using stress-free boundary conditions. We solve the dimensionless small strain approximation given in Appendix B:
In this section, we enforce stress-free boundary conditions of the form The domain is 2π × 2π in each simulation. The small strain approximation is discretized using the finite element method where the domain is meshed using 100 × 100 Downloaded 12/20/13 to 129.67.187.61. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php (a) Dilation.
(b) Cell/ECM density. regular biquadratic elements (h = 0.063 for a 2π × 2π domain). The semidiscretized nonlinear equations are then integrated in time using a variable-order variable-stepsize backwards difference formula solver [12] . The simulations are run until max |dθ/dt| < 10 −8 . Figure 7 .1 shows the steady state dilation, θ, and the nondimensional cell density, c. Note that the nondimensional ECM density is equal to the nondimensional cell density. The dominant wavemode predicted by the one-dimensional linear stability analysis is k 2 c = 13, which matches the dominant (2,3) wavemode in the steady state hexagonal pattern. Note that minima of the dilation correspond to maxima in the cell density. Figure 7 .2 shows the steady state dilation for various critical wavemodes, k 2 c . We can see in Figures 7.1 and 7 .2 that the patterning exhibits stripe, square, and hexagonal patterns. Due to the degeneracy that is inherent in two dimensions, in each case the steady state solution depends on the initial conditions. Downloaded 12/20/13 to 129.67.187.61. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 8. Conclusions. The OMH model is an alternative morphogenic model which considers the role of mechanical forces during morphogenesis. A limitation of the original formulation of the OMH model is that there is a restriction on the range of well-posed boundary conditions, especially when trying to apply stress-free conditions on the boundary. In this paper, we rederive the OMH model while preserving the appropriate frames of reference. This allows for the use of stress-free boundary conditions as well as pinned and periodic conditions.
We performed linear and multiscale nonlinear analysis on the modified model and compared the results to the original OMH model. The bifurcation conditions from linear analysis are equivalent, while the nonlinear analysis predicts that the modified model has an increased range of parameters where the solution is predicted to evolve to a bounded steady state.
Numerical simulations of the full nonlinear model performed in one dimension confirm the predictions from the linear and nonlinear analysis, verifying the use of the analysis for predicting the behavior of the full nonlinear model. Two-dimensional simulations were performed for stress-free boundary conditions and exhibit a wide variety of patterns.
In the future, we will expand this modified model to include active cell/ECM effects as well as mechanochemical interactions among fibroblasts, ECM, and various chemical promoters/inhibitors. Using modeling along with analytic and numerical methods, we hope to shed light on how various mechanisms contribute to the patterning process and to validate and predict experimental results.
Appendix A. Derivation of the Landau equation.
To examine the behavior of the full nonlinear system near the bifurcation point, we perform a multiscale analysis on the modified model (3.7). This was done for the OMH model by Maini and Murray [15] , and our analysis will be similar. To match the previous work by Maini and Murray, we will assume periodic boundary conditions in the analysis.
We start by transforming (3.7) into a system of equations by letting v = ∂u/∂t, which yields
We again take τ as our bifurcation parameter and set τ = τ c + ε 2 δ. We assume a long time scale, T = ε 2 t, where ε 1 and δ = ±1. We now expand u and v in power series of ε:
Substituting (A.3) into (A.1) and (A.2) and balancing powers of ε, we obtain a hierarchy of equations for each power of ε. Downloaded 12/20/13 to 129.67.187.61. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
The O (ε) equations are v 1 ≡ 0 and
We define τ λc = τ c / (1 + λ) 2 and β λ = β (1 + λ), so (A.4) reduces to
where L (u) is a linear differential operator. We assume that u j can be expanded in a Fourier series with general form (A.6)
Substituting (A.6) into (A.5), equating harmonics, and using the definition of k c from (4.7), we get A n,0 (T ) ≡ 0 and B n,0 (T ) ≡ 0 for n = 1 with A 1,0 (T ) and B 1,0 (T ) to be determined from the higher order equations. Hence,
The O ε 2 equations are v 2 ≡ 0 and
Substituting (A.6) and (A.7) into (A.8) and equating harmonics, we get A n,1 (T ) ≡ 0 and B n,1 (T ) ≡ 0 for n = 1, 2. For n = 1, (A.8) is automatically satisfied, with A 1,1 (T ) and B 1,1 (T ) being undetermined. Solving (A.8) for n = 2 yields 
Using the bifurcation condition (4.6) and the definition of the critical wavemode (4.7), we obtain 9 + 7λ + 2λ Appendix B. Two-dimensional derivation. In two dimensions, we follow the same procedure as for the derivation of the original OMH model except that we transform the cell/ECM conservation equations into the reference frame. Hence, c 0 = Jc where c is the cell density in the deformed frame of reference, c 0 is the constant cell density in the reference frame, and J is the determinant of the deformation gradient tensor, where u 1 is the displacement in the x-direction and u 2 is the displacement in the y-direction. Likewise, we can relate the ECM density in deformed coordinates with the ECM density in reference coordinates using a similar relation, ρ 0 = Jρ, where ρ is the ECM density in the deformed frame and ρ 0 is the ECM density in the reference frame.
The force balance equation for the ECM medium in reference coordinates is
where σ is the stress tensor,τ φ (c, ρ) is the traction force exerted by the cells, I is the identity tensor, and B represents the body forces. We assume that the body force is Hookean so B =ŝu, whereŝ is the spring constant. As with the one-dimensional derivation, we assume the stress tensors in reference and deformed coordinates are approximately equal so We can reduce the complexity of (B.5) by assuming small strains taking J ≈ 1 + θ and F ≈ J −1 I to obtain (B.6) φ (θ) = c 0
If we take the divergence of (B.2) and couple it with the small strain traction force (B.6), we obtain the small strain approximation for the dilation, θ:
If we nondimensionalize the small strain approximation using the same scales used in section 3, we obtain the dimensionless small strain approximation: 
